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A NOTE ON THE FARRELL-JONES CONJECTURE FOR
RELATIVELY HYPERBOLIC GROUPS
YAGO ANTOLI´N AND GIOVANNI GANDINI
Abstract. For a group G relatively hyperbolic to a family of residually finite
groups satisfying the Farrell-Jones conjecture, we reduce the solution of the Farrell-
Jones conjecture for G to the case of certain nice cyclic extensions in G.
1. Introduction
Let C be the class of groups satisfying the K- and L-theoretic Farrell-Jones Conjec-
ture with finite wreath products (with coefficients in additive categories) with respect
to the family of virtually cyclic subgroups. The statement of the Farrell-Jones con-
jecture and its applications can be found in [BFL11, BLR08b]. Let G be a group
relatively hyperbolic to a family of residually finite groups lying in C. We remark
that from several known results on the Farrell-Jones conjecture and a theorem of
Dahmani, Guirardel and Osin it follows that G lies in C if certain “nice” cyclic ex-
tensions lie in C.
2. Relatively hyperbolic groups
In this section we recall some basic results. We follow Osin’s definition, which
doesn’t require the group to be finitely generated. See [O06] for details.
Definition 2.1. A groupG is relatively hyperbolic with respect to a family of subgroups
{Hω}ω∈Ω, if it admits a finite presentation relative to {Hω}ω∈Ω and this presentation
has a linear relative Dehn function.
The subgroups {Hω}ω∈Ω are called peripheral (or parabolic) subgroups of G. An
element g ∈ G is called loxodromic if it has infinite order and it is not conjugate to
any element of a parabolic subgroup.
Lemma 2.2. [O06, Theorem 1.4] Suppose that G is relative hyperbolic with respect
to {Hω}ω∈Ω.
(i) For any ω, λ ∈ Ω, ω 6= λ and g, h ∈ G, |Hgω ∩H
h
λ | <∞.
(ii) For any ω ∈ Ω, and g ∈ G−Hω, |H
g
ω ∩Hω| <∞.
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A family of subgroups {Hω}ω∈Ω ofG is almost malnormal if it satisfy the conclusions
of Lemma 2.2.
The following is a simplification of [O06, Theorem 2.40].
Lemma 2.3. Suppose that G is relative hyperbolic with respect to {Hω}ω∈Ω ∪ {H}
where H is a Gromov hyperbolic group, then G is relatively hyperbolic with respect to
{Hω}ω∈Ω.
Finally our main tool is the following theorem, which is a simplification of [DGO11,
Theorem 7.19]. We remark that the first part of the next theorem was already ob-
tained by Osin in [O07].
Theorem 2.4. Let G be a group hyperbolic relatively to {Hω}ω∈Ω.
For any finite subset Y of G there exists a collection of finite subsets Φω ⊂ G\{1},
ω ∈ Ω, such that for any collection of normal subgroups Nω E Hω satisfying that Nω
avoids Φω, the quotient G/〈〈∪ωNω〉〉 is hyperbolic relative to {Hω/Nω}ω∈Ω, and the
quotient map, restricted to Y , is injective.
Moreover 〈〈∪ωNω〉〉 is a free product of conjugates of Nω’s.
We observe that a bit more can be said about 〈〈∪iNi〉〉.
Lemma 2.5. Let G be a group and {Hω}ω∈Ω a family of almost malnormal subgroups.
Suppose that for ω ∈ Ω there is Nω E Hω such that Nω is not a free product of free
groups and finite groups. Suppose that for each ω ∈ Ω there is a subset Sω in G such
that
K = 〈〈∪iNi〉〉 = ∗ω∈Ω(∗s∈SωN
s
ω),
then, Sω is a transversal for the (HωK)-action on G on the left.
Proof. Let s, r ∈ Sω and suppose that hks = r for some h ∈ Hω, k ∈ K. Then
Nhksω = N
r
ω. But N
hks
ω = N
ks
ω = N
sk′
ω for some k
′ ∈ K. Thus N sω and N
r
ω are two free
factors in a free product decomposition of K, conjugated by k′ ∈ K and hence s = r.
Let g ∈ G. By the Kurosh subgroup theorem (see [DD89, I.7.8]) Ngω 6 K is a free
product where the free factors are either infinite cyclic or of the formAλ,r,k = N
g
ω∩N
rk
λ ,
where λ ∈ Ω and r ∈ Sλ and k ∈ K. If all the Aλ,r,k are finite, N
g
ω is a free product
of finite and infinite cyclic groups and this contradicts our assumptions. So,
|Ngω ∩N
rk
λ | =∞
for some λ ∈ Ω, r ∈ Sλ. By almost malnormality, we conclude that λ = ω and
g ∈ Hωrk, and hence g ∈ HωKr. 
3. Relatively hyperbolic groups in the class C
We collect now some properties of the class C.
Proposition 3.1. [BLR08a, BFL11, BLRR12] The following properties hold:
(1) C is closed under taking subgroups.
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(2) C is closed under free products.
(3) Gromov hyperbolic groups and abelian groups are in C.
(4) If pi : G→ H is a morphism such that H is in C and for every infinite cyclic
group Z of H, pi−1(Z) is in C then G is in C.
The objective of this note is establish the following observation, that reduces the
Farrell-Jones conjecture for relatively hyperbolic groups with respect to residually
finite groups to a particular kind of group extensions.
Proposition 3.2. Let G be group relatively hyperbolic to a family of residually finite
finitely generated groups {Hω}ω∈Ω lying in C.
There exists a family of normal subgroups Nω E Hω such that
K = 〈〈∪Nω〉〉 = ∗ω∈Ω ∗s∈Sω N
s
ω,
G/K is hyperbolic and each Sω is a transveral for the (HωK)-action of G on the left.
In particular K and G/K are in C.
Moreover, the following are equivalent.
(a) G is in C.
(b) for every g ∈ G loxodromic element, 〈K, g〉 is in C.
Proof. We first notice that we can assume that no Hω is hyperbolic. Indeed, if some
Hω is hyperbolic, we can put Nω = {1} and use Lemma 2.3 to remove this group
from the family of parabolic subgroups.
Take Y = ∅ ⊆ G and for ω ∈ Ω, let Φω ⊂ G − {1} be the finite set provided
by Theorem 2.4. Using that each Hω is residually finite, we can find subgroups
Nω E Hω that Nω avoids Φω such that Hω/Nω is finite (and in particular hyperbolic).
Thus, by Theorem 2.4, there exists a quotient map pi : G→ Q, where Q is relatively
hyperbolic with respect to {Hω/Nω}ω∈Ω, and K = ker(pi) = ∗ω∈Ω ∗s∈Sω N
s
ω, where the
S ′ωs are subsets of G. Since each Hω/Nω is hyperbolic, Lemma 2.3, implies that Q is
hyperbolic. By Propostion 3.1(1)–(3), K and G/K are in C.
Since Hω is finitely generated and not hyperbolic, Nω is finitely generated and not
hyperbolic. Hence, Nω is not a free product of finite and free groups. The family
{Hω}ω∈Ω is almost malnormal by 2.2 and hence all the hypothesis of Lemma 2.5 are
satisfied and then each Sω is a transversal for the (HωK)-action on G on the left.
To establish the moreover part, first notice that, by Proposition 3.1 (2), (a) implies
(b).
Assume that (b) holds. We note that since each Nω has finite index in Hω, every
element in Hω is mapped to a finite order element of Q. If q is an infinite order
element of Q, then any g ∈ G, satisfying that pi(g) = q, is a loxodromic element of
G. By (b), 〈K, g〉 = pi−1(〈q〉) is in C and then by Proposition 3.1 (4), G is in C. 
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